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ABSTRACT| In this paper we study M-ary time-

shift-keyed signal sets constructed using impulse tech-

nology. For the equicorrelated signals case the con-

struction method is given, the correlation proper-

ties are discussed, the performance in additive white

Gaussian noise is analyzed, and receiver simpli�cation

is illustrated.

I. Introduction

T
HE technology for receiving and generating

subnanosecond impulses controlling their rel-

ative position in the time axis with great accu-

racy is now available [1]. Impulse radio modulation

is a spread spectrum technique that uses impulse

technology to generate ultra-wideband (UWB) com-

munication signals1 that consists of trains of time-

shifted impulses [2]. The UWB nature of impulse

radio makes it convenient for communications over

the indoor wireless channel. With UWB signals the

dense multipath (produced by signals arriving at

the receiver with di�erent time delays that can be

as small as fractions of nanoseconds [3]) can be re-
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1The range of frequencies occupied by the UWB signals goes

from a few hundreds of Kilohertz up to a few Gigahertz.

solved, allowing the use of a Rake receiver [4] for sig-

nal demodulation. With UWB signals the impulse

radio link can be operated with reduced fading mar-

gin and the signals can be received by correlation de-

tection literally at the antenna terminals, making a

relatively simple and low-cost, low-power transceiver

viable [2].

The use of M-ary (block-waveform) TSK signals is

attractive. In one-user link it allows to increase the

data transmission rate, making e�cient use of the

available signal-to-noise-ratio. In a multiple-access

environment, the use of M-ary signals allows to in-

crease the number of users supported by the sys-

tem for a given multiple access performance and bit

transmission rate.

In this paper we study M-ary TSK equicorrelated

signal sets. In the next sections the construction

method is given, the correlation properties are dis-

cussed, the performance in additive white Gaussian

noise (AWGN) is analyzed, and receiver simpli�ca-

tion is illustrated.

II. M-ary TSK signal description

The signal p(t) is the basic subnanosecond impulse

used to convey information. It has duration Tp and

energy Ep =
R
1

�1
[p(t)]

2
dt. The normalized signal

correlation function of p(t) is


p(� )
4
=

1

Ep

Z
1

�1

p(t)p(t � � )dt > �1 8�:



The M-ary TSK signals studied in this paper consists

of Ns time-shifted impulses

	j(t) =

Ns�1X
k=0

p(t� kTf � �kj ); j = 1; 2; : : : ;M:

Here 	j(t) represents the jth signal in an ensemble

of M signals, each signal completely identi�ed by the

sequence of time shifts f�kj ; k = 0; 1; 2; : : :; Ns � 1g.

The complete ensemble of signals f	j(t)g can be rep-

resented by the M � Ns matrix
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where each row corresponds to the time shifts

f�kj ; k = 0; 1; 2; : : : ; Ns � 1g de�ning the jth signal.

Each signal 	j(t) has duration T	 = NsTf and en-

ergy E	 =
R1
�1

[	j(t)]
2
dt. In impulse radio, the

impulse duration satis�es Tp << Tf , where Tf is the

time shift value corresponding to the frame period;

and the time shift corresponding to the data modula-

tion is �kj 2 f�1 < �2 < : : : < �Ng, with �N < Tf � Tp

to avoid shifted impulses to overlap between di�erent

frames. The complete set of normalized correlation

values

�ij
4
=

1

E	

Z 1
�1

	i(t)	j(t)dt

=
1

Ns

Ns�1X
k=0


p(�
k
i � �kj );

is given by the M �M symmetric non negative def-

inite correlation matrix

�
4
=

2
666664
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�21 1 : : : �M2
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...
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3
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The signals studied in this paper are equicorrelated

(EC), i.e., the matrix of correlation values is

�EC =

2
666664

1 � : : : �

� 1 : : : �

...
...

. . .
...

� � : : : 1

3
777775
M�M

with �1 < � < 1. We are interested in M-ary

TSK signal sets in which the basic structure of �EC

does not depend on the shape of the impulse wave-

form p(t).2 In the next section we describe di�erent

constructions that satisfy this requirement.

III. M-ary TSK equicorrelated signal sets

Let H be an (Ns +1)� (Ns +1) cyclic Hadamard

matrix, where the value of Ns satis�es one of the

following three conditions [5]

(a)Ns = 2m � 1; m � 1; or

(b)Ns = p; p a prime; or

(c)Ns = p(p + 2); p and (p + 2) form a twin prime;

We can generate EC signals f	j(t)g for M � Ns by

deleting the �rst column and the �rst row of H, and

then use the jth row of this modi�ed matrix Ĥ and

the mapping (+1) ! �2 and (�1) ! �1 = 0 to pro-

duce the time shift pattern f�kj ; k = 0; 1; 2; : : :; Ns �

1g de�ning the jth signal. For example, if we use

Ns = 2m � 1, m � 1, the jth row of Ĥ is the jth

cyclic shift, j = 1; 2; : : : ;M of an m-sequence of

length Ns [5]. Continuing this example, with M = 8

and Ns = 2m � 1, m = 3, the following modi�ed

Hadamard matrix

Ĥ =

2
66666666666664
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2The impulse shape of p(t) is not standard and depends on

the device used to generate the signal.



results in the ensemble of signals represented by

�EC =

2
66666666666664

0 0 0 �2 0 �2 �2
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�2 �2 0 0 0 �2 0

0 �2 �2 0 0 0 �2

�2 0 �2 �2 0 0 0

0 �2 0 �2 �2 0 0

0 0 �2 0 �2 �2 0

3
77777777777775

If in Ĥ we use the mapping (+1) ! (+1) and

(�1)! (0), then the matrix

~H =

2
66666666666664

b11 b21 b31 b41 b51 b16 b17

b12 b22 b32 b42 b52 b62 b72

b13 b23 b33 b43 b53 b63 b73
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b15 b25 b35 b45 b55 b65 b75
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3
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provides an alternate way to represent the set of sig-

nals �EC as follows

�EC = �2 �

2
66666666666664

b11 b21 b31 b41 b51 b16 b17

b12 b22 b32 b42 b52 b62 b72

b13 b23 b33 b43 b53 b63 b73

b14 b24 b34 b44 b54 b64 b74

b15 b25 b35 b45 b55 b65 b75

b16 b26 b36 b46 b56 b66 b76

b17 b27 b37 b47 b57 b67 b77

3
77777777777775
;

i.e, the jth row fbkj ; k = 0; 1; 2; : : : ; Ns � 1g of ~H is

an equivalent representation of the time shift pattern

f�kj = bkj �2; k = 0; 1; 2; : : : ; Ns � 1g de�ning the jth

signal. Hence, the TSK EC signals can be written

	j(t) =

Ns�1X
k=0

p(t� kTf � bkj �2); i = 1; 2; : : :;M:

(1)

For the EC PPM signals in (1) the correlation ma-

trix is given by �EC in with

� =
Ns�1
2


w(0) +
Ns+1
2


w(�2)

Ns

:

(2)

Notice that for Ns >> 1

� �
1 + 
w(�2)

2
: (3)

A. Selection of �2

The signal design in (1) depends on p(t) and �2.

From (3) we can see that by using �2 = �min the

minimum value of � is

�min

4
=

Ns�1
2


w(0) +
Ns+1
2


min

Ns

�
1 + 
min

2
for Ns >> 1: (4)

The actual value of 
min depends on the particu-

lar impulse p(t) used in the IR communication link.

Figure 1 plots �min versus Ns for di�erent hypothet-

ical values of 
min. Note that �min � 0 only for

Ns �
1�
min

1+
min

, and that for Ns >> 1 the �min value is

strictly positive.

IV. Performance in AWGN

The symbol error probability for EC signals is [7]

Pe = 1�

Z 1
�1

2
41�Q

0
@� +

s
2E	(1� �)

No

1
A
3
5
M�1

exp (��2=2)
p
2�

d�:

The bit error probability is simply

Pb =
1

2

M

M � 1
Pe:

A. Example

In this example we calculate the error probability

in AWGN for the equicorrelated signals with �min

given in (4). In IR modulation, the UWB received

pulse p(t) can be modeled by

p(t) =
�
1�4�[ ttn ]

2
�
exp
�
�2�[ ttn ]

2
�
; (5)
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Fig. 1. The value of �min versus Ns for di�erent values of 
min.

where the value tn = 0:4472 ns was used to �t the

model p(t) to an impulse pm(t) measured in a par-

ticular radio link. The signal correlation function

corresponding to p(t) is


p(� ) =
�
1�4�[ �tn ]

2

+ 4�2

3
[ �tn ]

4
�
exp
�
��[ �tn ]

2
�
:

In this case �min = 0:2419 ns and 
min = �0:6183.

Both p(t� Tp
2
) and 
p(� ) are shown in �gure 2. Fig-

ure 3 shows the spectrum of the impulse p(t). The

bandwidth of the impulse is in excess of 1 Gigahertz.

Figure 4 shows Pb for M = 8 and Ns >> 1,

calculated using the impulse in (5) and � = �min.

V. Receiver simpli�cation

To detect the received signal we need to correlate

this signal withM reference signals. For largeM this

can result in a receiver of considerable complexity.

We can take advantage of the structure of the TSK

signals to simplify the construction of the receiver.

Let x(t) = 	i(t) + n(t), where 	i(t) is one of the

TSK signals in (1) and n(t) is AWGN. In the re-

ceiver, each of the M channel correlation output can

be written

yj =

Z NsTf

0

x(t) 	j(t) dt
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Fig. 2. (a) The impulse p(t �
Tp

2
) as a function of time t.

(b) The signal autocorrelation 
p(�) as a function of time

shift � .

=

Ns�1X
k=0

Z (k+1)Tf

kTf

x(t) p(t� kTf � �kj ) dt:

For the EC signals (1), yj can be written

yj =

Ns�1X
k=0

�
(bkj � 1)z1(k) + bkj z2(k)

�
;

where

zm(k)
4
=

Z kTf+Tp+�2

kTf

x(t)p(t�kTf��m)dt; m = 1; 2:

From the expression for yj , j = 1; 2; : : : ;M , it is

clear that the receiver needs only 2 correlators and



0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

no
rm

al
iz

ed
 m

ag
ni

tu
de

frequency (GHz)

Fig. 3. The magnitude of the spectrum of the impulse p(t).
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M store and sum circuits. The decision variables

fyjg can be calculated while x(t) is received and no

symbol delay occur. This is illustrated in �gure 5.

VI. Conclusion

This paper described the construction of M-ary

time-shift-keyed equicorrelated signal sets for ultra-

wideband impulse radio modulation. The construc-

tion is based on cyclic Hadamardmatrices. Since the

time-shift-keyed signals are linearly independent, it

is not possible to reduce the dimensionality M of

the signal set. Nevertheless, we can take advantage

of the structure of the time-shift-keyed signals to re-

y1

x t( )
kTf( )

kTf Tp τ2+ +( )

∫ zm k( ) y2

k 0 1 2 … Ns 1–, , , ,=

m 1 2,=

p t kTf– τm–( )

yM

STORE
AND SUM

STORE
AND SUM

STORE
AND SUM

Fig. 5. This diagram shows one of the two correlators and the

M store and sum circuits that are needed in the simpli�ed

receiver for signal set 2.

duce the complexity of the receiver and use less than

M correlators combined with M store and sum cir-

cuits to calculate the decision variables without in-

troducing a symbol delay.
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